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By using a fully quantum approach based on an input-output formulation of the stochastic
Schro¨dinger equation, we show rectification of radiation fields in a one-dimensional waveguide doped
with a pair of ideal two-level systems for three topical cases: classical driving, under the action of
noise, and single photon pulsed excitation. We show that even under the constant action of un-
wanted noise the device still operates effectively as an optical isolator, which is of critical importance
for noise resistance. Finally, harnessing stimulated emission allows for non-reciprocal behavior for
single photon inputs, thus showing purely quantum rectification at the single-photon level. The lat-
ter is a considerable step towards the ultimate goal of devising an unconditional quantum rectifier
for arbitrary quantum states.
PACS numbers:
Introduction. One of the most viable perspectives for
future information and communication technologies relies
on exploiting photonic transport in integrated circuits,
which have been experiencing progressive technological
achievements and miniaturization [1]. In this context,
there is a growing need for the design and implementation
of novel optical devices that are able to control photonic
transport. Photonic rectification, or optical isolation, lies
at the core of such ongoing efforts, with the main aim of
devising and ultimately realizing systems that are able
to make light propagation unconditionally unidirectional
[2]. The impact over current research in nanophotonics
is potentially at the level of the role played by electronic
diodes. Furthermore, at low temperatures the conduc-
tion of heat is mainly executed by photons [3] and pre-
venting unwanted heating is of paramount importance in
quantum processing. In fact, such photonic diodes rep-
resent key elements to prevent undesired fields to prop-
agate backwards to strategic centers in prospective pho-
tonic integrated circuits, thus preserving the processing
capabilities of the sources of signals. Such circumstances
are required to avoid decoherence within the circuit, by
ensuring the signals to be efficiently transmitted to their
targets, and information processing units not to be dis-
turbed by undesired reflections.
After an initial focus on rectification of classical driving
signals [4–10], these concepts are now transferring to the
realm of quantum information, where nonlinear systems
at the single quantum level are likely to play a major role.
Previous proposals have already addressed the possibility
of achieving a unidirectional behavior from low energy co-
herent input radiation fields [11, 12]. Quantum rectifica-
tion, i.e. non-reciprocal transmission of quantum states
of light, has been mainly addressed for optically active
media in circularly polarized waveguides [13]. However,
an unconditional and passive rectifier of single-photon
wave packets has not been designed and rectification in
photonic circuits is still in its infancy. Here we take con-
siderable steps in the design of an efficient, noise resistant
rectifier operating both in the classical and in the purely
quantum regime. We model the one dimensional doped
waveguide with a fully quantum input-output stochas-
tic theory. First, we revisit a recently proposed one-
dimensional configuration, where a Fabry-Perot cavity
made of two ideal two-level systems simultaneously pro-
vides rectification and high transmission for coherent in-
put states [12]. The system is shown to be resilient to
noise still providing mensurable optical isolation even un-
der extenuating circumstances in which the system is si-
multaneously driven with the desired signal and with an
unwanted noisy field. Most importantly, we present yet
another novel finding: harnessing stimulated emission al-
lows for non-reciprocal behavior for single photon inputs,
thus showing purely quantum rectification at the single-
photon level. Our results are of paramount importance
for upcoming quantum technologies in which it is highly
desirable to control light transport at the single photon
level, that is, at the level of the fundamental transporters
of information and heat.
Theory. The one-dimensional photonic device under
investigation is schematically shown in Figure 1: it is a
closed channel for radiation propagation coupled to two-
level systems. Such an ideal system can be realized in
different solid state integrated platforms, involving either
semiconductor [14, 15], metallic [16], or superconductor
[17] materials technology, where artificial atoms can be
treated as externally tunable and close-to ideal two-level
systems. Due to the presence of the two quantum emit-
ters, a fully quantum approach is essential to correctly
capture the dynamical evolution and stationary state
of this system. We model the one-dimensional device
through a generalized quantum master equation formula-
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FIG. 1: Schematic description of a one-dimensional channel
with a pair of two-level quantum systems spatially separated
by a distance L, with ground-to-excited state transition reso-
nances ω1 and ω2. (a) The device working resiliently by simul-
taneously transmitting a signal while blocking noise. (b) and
(c) correspond to the initial conditions of the single photon
input |1ξR(L)〉 coming from the left (right) with time profile
ξR(L)(t) when the atom first receiving the input is inverted to
its excited state.
tion of input-output theory, which was recently extended
to arbitrary one-dimensional closed channels made of a
sequence (array) of elementary quantum systems [18, 19].
First, we reformulate this powerful approach in the
framework of a quantum stochastic Schro¨dinger equa-
tion, which allows us to obtain a more straightforward
determination of the output currents. The two infinite
one-dimensional channels are explicitly described as left
and right modes, respectively, to which we attribute anni-
hilation operators rˆω and lˆω. Hence, the full Hamiltonian
describing the interaction between the waveguide modes
and the quantum elements of the array is given by
H =
∑
i
∫
dω
√
γωσˆ
†
i
[
rˆωe
iω(xi/c−t) + lˆωe−iω(xi/c+t)
]
+h.c,
(1)
with σi being an annihilation operator for the ith site
of the array, and xi is the corresponding spatial coor-
dinate. By making the standard Markovian approxima-
tions assuming flat spectral coupling, the corresponding
Heisenberg-Langevin and density matrix master equa-
tions were already derived and extensively presented in
Refs. 18, 19.
Here we recast this model into quantum stochastic cal-
culus for input-output fields [20], similarly to the single
qubit case already presented in Ref. 21. The main ad-
vantage of this approach is that the Markovian approx-
imation is straightforwardly encoded in the formalism
through the Ito product rules [20]. Thus, we define the
jump operators
JˆR =
√
γ
∑
i
e−iωinxi/cσˆi, and JˆL =
√
γ
∑
i
eiωinxi/cσˆi ,
(2)
which can be used to recast the problem into a stochastic
Schro¨dinger equation for the state of the waveguide and
two-level systems in the Stratonovich form [20]
d|Ψ〉 =
[
JˆRdˆR
†
+ JˆLdˆL
† − Jˆ†RdˆR− Jˆ†LdˆL
− iγ
∑
i
sin (k|xi − xj |)(σˆ†i σˆjdt+ h.c.)
]
|Ψ〉 , (3)
with k = ωin/c describing the input wave vector, and the
quantum Wiener noise term being formally expressed as
Rˆ(t) =
∫ t
0
r(s)ds with rˆ(t) =
∫
rˆωe
−iωtdω (and anal-
ogously for Lˆ), where vacuum Ito rules are dˆRdˆR
†
=
dˆLdˆL
†
= 1 dt. This leads to the Ito equation
d|Ψ〉 =
[
JˆRdˆR
†
+ JˆLdˆL
† − Jˆ†RdˆR− Jˆ†LdˆL
− iγ
∑
i
sin (k|xi − xj |)(σˆ†i σˆjdt+ h.c.)
]
|Ψ〉
− 1
2
(Jˆ†RJˆR + Jˆ
†
LJˆL)|Ψ〉dt . (4)
By making use of the stochastic chain differentiation,
dρ = d|Ψ〉〈Ψ|+ |Ψ〉d〈Ψ|+d|Ψ〉d〈Ψ|, we can finally derive
the stochastic master equation
dρ = −i [H0, ρ] dt+
[
JˆRdˆR
†
+ JˆLdˆL
† − Jˆ†RdˆR− Jˆ†LdˆL
− iγ
∑
i
sin (k|xi − xj |)(σˆ†i σˆjdt+ h.c.), ρ
]
− 1
2
[DR(ρ) +DL(ρ)] dt , (5)
where the dissipative operators are defined as DR,L(ρ) =
Jˆ†R,LJˆ
†
R,Lρ+ ρJˆ
†
R,LJˆ
†
R,L− 2JˆR,LρJˆ†R,L, and H0 is the sys-
tem Hamiltonian describing its internal dynamics.
We will consider two types of input states. A purely
classical state, such as a continuous wave (cw) coherent
pump, and a purely quantum one, i.e. single photon
pulse, respectively. For the case of cw coherent pump we
have 〈dˆR〉 = Edt, where the light-matter detuning is in-
cluded in H0 =
∑
i ∆iσˆ
†
i σˆi, and ∆ = ωi−ωin in a rotated
reference frame. Whereas, for the single photon input we
use the formulation discussed in Refs. 22, 23. In this
case, the master equation for the density matrix can be
projected onto the single photon occupation Fock state,
|1ξR〉, with dˆR|1ξR〉 = ξRdt|0〉, where the normalization
3FIG. 2: (Left) The rectification factor under unidirectional
pumping and (Right) the corresponding diode efficiency as
functions of detuning ∆1 = ∆ (∆2 = 0) and interatomic
distance L. The pump strength was partially optimised to
reach higher diode efficiency and it was set to E = √0.05γ.
condition can be imposed as
∫∞
0
|ξR(t)|2dt = 1. This
leads to the following set of coupled master equations
ρ˙11 = Lρ11 + [ρ01, Jˆ†R,L]ξR,L + [JˆR,L, ρ10]ξ∗R,L, (6)
ρ˙01 = Lρ01 + [JˆR,L, ρ00]ξ∗R,L, (7)
and ρ˙00 = Lρ00, L being the Lindblad operator
that accounts for the system internal Hamiltonian and
both coherent and incoherent couplings with the one-
dimensional channels. This set of coupled equations is
to be solved with initial conditions ρij = ρinitialδij noting
that each ρij = 〈iξR,L |ρ|jξR,L〉 is a 4x4 matrix.
Within this framework, the output fields are defined
as dˆRout = dˆR + JˆRdt and dˆLout = dˆL + JˆLdt, which
corresponds to evaluating the fields outside the system of
interest in a position that eliminates the complex spatial
phase of the input field, which can always be done. The
output photon occupation numbers can also be derived
by using standard input-output theory [20]. Hence, the
equation of motion for the output photon process is given
by
ˆdNRout = ˆdNR + JˆRdˆR
†
+ Jˆ†RdˆR+ Jˆ
†
RJˆRdt . (8)
In the special case of a single photon input we get the
average value
〈 ˆdNRout〉11 = |ξR|2dt+ (〈JˆR〉10ξ∗R + 〈Jˆ†R〉10ξR)dt
+ 〈Jˆ†RJˆR〉dt . (9)
Results. We start by evaluating the rectification prop-
erties of the system under the continuous wave pump.
We define the rectification factor under unidirectional
pump along the same lines as it was previously done in
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FIG. 3: The diode efficiency optimized over ∆ and L under
the action of noise as sketched in Fig. 1-a.
Refs. 5, 11, 12, explicitly as a function of the output cur-
rents
R = 〈NˆRout(k)〉 − 〈NˆLout(−k)〉〈NˆRout(k)〉+ 〈NˆLout(−k)〉
. (10)
The rectification factor measures the unbalance between
the two directions of transmission when the system is
pumped either from the left or from right. The total
photonic diode efficiency is thus the product between
the rectification factor and the transmission coefficient,
D = RTR, where the transmission coefficient is defined
as TR = 〈NˆRout(k)〉/〈NˆR(k) + NˆL(k)〉.
In Fig. (2) we show both the rectification factor and
the photonic diode efficiency. We set the pair of two-
level systems in the same configuration as in Ref. 12, i.e.
the right atom is kept in resonance with the input light
field while the left atom may be detuned. By comparing
such results with the semiclassical analysis performed in
Ref. 12 we see that the Fabry-Perot approach overesti-
mates the diode efficiency, which is always below 70%
when a fully quantum analysis is performed.
Rectification under noise. In the perspective of esti-
mating the noise resistance of the device, it is important
to investigate if it still rectifies when it is simultaneously
pumped from both sides (see Fig. 1-a). This is typically
the case in realistic situations where a signal is injected
into the device, while noise is blocked by the device. If
the unwanted field is weak compared to the signal then
the net rectification should not be significantly altered.
We assume a fluctuating input traveling in the left going
mode. More specifically, we assume 〈dL〉 = dW with W
being a classical Wiener noise with moments dW = 0
and dW 2 = Γdt such that we have a noisy input in the
left going mode with the intensity Γ. This corresponds to
a fluctuating field with a broad and unstructured spec-
trum. In order to obtain the average state we expand
the Hamiltonian evolution up to second order using Ito
calculus and then average over the classical noise. This
4FIG. 4: The rectificationR and the diode efficiency max(D, 0)
with D = RTR and TR = NRout/NR under unidirectional
single photon input |1ξR(L)〉, with ξR(L) ∝ e−Γt/2 and Γ = 2γ
when the two-level system receiving the input is in the excited
state. In this case we take NR = 2 rather than NR = 1 in
order to take into account the extra excitation in the inverted
atom. This guarantees that the net diode efficiency is not
overestimated.
leads to the following extra term in the master equation
dρ = −Γ
2
[
X2Lρ+ ρX
2
L − 2XLρXL
]
, (11)
which can be interpreted as a global dephasing process
with XL = i(JL − J†L) and adds an input to the system
〈dNL〉 = Γdt. In Fig. (3) we show the diode efficiency
optimized over the signal frequency and inter-atomic dis-
tance as a function of the noise-signal ratio Γ/E2.
Single Photon Rectification through Stimulated Emis-
sion. As a final case, we now discuss the quantum recti-
fication of a single-photon input pulse by the stimulated
emission of an excited two-level system. Firstly, we point
out that, being a non-linear effect, one should not expect
rectification in the single excitation manifold where the
system effectively responds linearly to the pump. This
is confirmed by the fully symmetric transmission coeffi-
cient with respect to exchanging the atomic frequencies,
as obtained in [24] [see equation (S4) in the supplemen-
tary material]. To rectify a single photon input we ex-
ploit optimal irreversible stimulated emission [25]. We
initially prepare the emitter receiving the input in its ex-
cited state while the other is left in its ground state as
shown in figure (1-b) and (1-c). The single photon in-
put tends to stimulate the emission of the excited atom
into the same mode and hence in the same direction of
propagation. Combining stimulated emission with the
asymmetric frequency disposition of the emitters yields
rectification under the single photon input. We assume
exponentially decaying wave packets, ξ(t) ∝ e−Γt/2, as
they are naturally generated by the emission of a single
photon from another two-level system and such packets
are optimal in stimulating the emission [25]. The results
for the rectification under such conditions are shown in
Fig. (4).As it appears from the plot, sensible rectifica-
tion of single propagating photons is obtained with our
setting of the device, owing to the non-linearity of stimu-
lated emission. In Fig. (4-b) we focus on the efficiency of
the diode, where the transmission is now computed with
NR = 2 rather then NR = 1, to take into account the
extra-excitation used to prepare one of the atoms in its
excited state. It shown that the diode is able to block
the optimal stimulated emission [25] to the left while it
still transmits to the right.
Summary. We have presented a fully quantum model
to investigate the performances of a noise resistant, quan-
tum rectifier. Under classical pumping, our device is
shown to provide optical isolation even in the presence
of unwanted noise of the same order of magnitude as the
signal to be transmitted. On the other hand, exploiting
stimulated emission allows reaching substantial rectifica-
tion for single propagating photons. Such configuration
is promising for high fidelity quantum rectification. As
future steps we envision redundant input states such that
several copies of the desired signal state are provided as
a single input. Such input states would be rectified and
an error correction scheme may be designed such that
out of the several imperfect transmitted copies a single
high fidelity copy my be distilled [26]. Therefore, the
present contribution is likely to provide an important
step towards unconditional high fidelity quantum state
rectification.
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